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Abstract 

(N We consider time delay for the Dirac equation. A new method to calculate the asymptotics of the expectation values 
^ of the operator J as R ^ oo, is presented. Here Hq is the free Dirac operator and ( (t) is such that 

K -5 (t) = 1 for 0 < t < 1 and C {t) = 0 for t > 1. This approach allows us to obtain the time delay operator 6T (/) for initial 

kO states / in , e > 0, the Sobolev space of order 3/2 + e and weight 2. The relation between the time delay 

operator 6T (/) and the Eisenbud-Wigner time delay operator is given. Also, the relation between the averaged time delay 
and the spectral shift function is presented. 

' 1 Introduction. 


cd In the present paper we consider time delay for the quantum scattering pair {Hq,H}, where the free Dirac operator Hq is 
^ given by 

—' Hq =—ia ■ V + mai, (1-1) 

with m - the mass of the particle, a = (ai, a^-, as) and aj, / = 1, 2,3,4, are 4x4 Hermitian matrices that satisfy the relation: 
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where Sjk denotes the Kronecker symbol. The standard choice of aj is ([33]): 
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are the Pauli matrices. The operator Hq is a self-adjoint operator on (see Section 2). The perturbed Dirac 


operator is defined by 


H=Hn+Y. 


( 1 . 2 ) 


Here the potential V {x) is an Hermitian 4x4 matrix valued function defined for cc G such that H is a self-adjoint operator 
on (see Section 2). For a detailed study of the Dirac equation we refer to [8], [33], and the references quoted 

there. 

We define time delay for the pair {Hq, H} as follows. Let ( (t) be such that C (i) = 1 for 0 < t < 1 and ({t) = 0 for t > 1. 
For R > 0 and a normalized f G (M^; C'^) we define the quantities 
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oo ^ oo 

rR{f):= I dt= J 


^ (^) ® is the probability that the state e *^o*/ is localized in the ball Br := {a; G | |a;| < R} at time t, 

To, R (/) represents the total time spent in Br by a normalized state / under the free evolution group e similarly, 

Tr (/) measures the total time that the state represented by / stays in Br under 

Since the scattering theory is based on the comparison of the perturbed dynamics with the free one, it is natural to define 
time delay as the difference of the time that the scattered particles stay in the scattering region and the time that the free 
particles, subject to the same initial conditions, spend in the scattering region. Let / be the initial condition at t = 0 that 
dehnes the dynamics of the free particle. Then, the wave operator W-, if it exists, defines the initial condition TT_/ 

in f = 0 of the scattered state with the property that asymptotically for t —>■ —oo it has the same dynamics as 

the free state, i.e., —>■ 0, when t —>■ —oo. We define the time delay in Br as the difference of the time 

spent in Br by the state W-f and the time that the free state / stays in Br. That is, the local time delay 6rT (/) is given 

by 

SrTU) :=rK(lT-/)-ro.fl(/). 


As the effective scattering region is all of we have to consider the limit of 6rT (/), when R 
leads us to the definition of the global time delay or simply time delay 


oo. If the limit exists, this 


6T{f):= 6RT{f). (1.3) 

R—^oo 

The main problem in this definition of time delay consists in exhibiting a set of initial states / G (R^; C^) and a class of 
perturbations H — Hq for which the limit in (1.3) exists. 

There are a lot of papers concerning time delay for the Schrodinger equation (see [3], [4], [5], [6], [12], [16], [17], [18], [23], 
[24], [25], [26], [27], [30], [31], [36], and the references therein). The works [17], [23], [24], [29] and [30] study more general, 
abstract dynamics, however they apply the obtained results to the case of the Schrodinger equation only. Many physical 
aspects, as well as applications of time delay are presented in [14]. Time delay for dynamics given by a regular enough 
pseudodifferential operator of hypoelliptic-type, such as the Schrodinger operator or the square-root Klein-Gordon operator 
(pseudo-relativistic Schrodinger operator), were treated in [34]. However, the Dirac operator was not considered in [34]. As 
far as we know there are no papers concerning time delay for the Dirac equation. 

In order to present our results we make some definitions. For 1 < p < oo and a G R we denote by (R^;C^) 
and 77“ (R^;C‘*) the Lebesgue and Sobolev spaces of C'^-vector valued functions, respectively (see, for example, [1]). We 
often will write and 77“ instead of (R^;C^) and 77“ (R^;C^) . Also, we introduce the weighted L'^ spaces for s G R, 

L'^ := {/ : {xY f {x) G T^}, 11/11^2 := ||(a;)* / (a;)||j ;,2 , where (x) = (1-1- |xfj . Moreover, for any a, s G R we define 
77“ := {/ : {xY f (x) G 77“}, ||/||„,. := \\{xY f ix)\\^^ , where ||/(x)||„,, = /(O d^ ) . The Fourier transform 


77“ := {f : {xY f (x) € 
T is given by 


= iO ■■= (27r)- 


^--fix)dx. 


We denote by (•, •) the scalar product. The scalar product in is denoted by (•, •). The projections P± on the positive 
and negative energies of Hq are defined by (see Section 2) 


Also, we introduce 


1/1 1 \ 1 / 1 . . 1 

Aq : — ~ I 2 V * X -j- X * V 2 1 — o I 2 A 4- A ; 

2*V|V|" \vf 2l|V|" ivr 


where V is the gradient and the operator A, known as “the generator of dilations”, is defined as 


A :=—^(x-V-f-V-x). 
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The operators Tq {E) , given by (2.4), define the spectral representation Jq of the operator Hq (2.5). We denote by % the 
space of the spectral realization of under Jq (see (2.6)) and (•, ■)-^ denotes the scalar product in %. Also for any open 
set O C (—oo, —m) U (m, +oo), we define 

$(0) := { / g , £ > 0 f = '4’f (Hq) f, for some ipf such that suppf/'/ C O}. (1.5) 

Finally, p (H) is the resolvent set of H and ap (H) is the closure of the set of the eigenvalues of the operator H. 

We assume that the wave operators W± exist and are complete, and hence, the scattering operator S is unitary. In Section 
2 we give sufficient conditions on the potential V under which this assumption is true. 

We are now in position to present our results. 

Theorem 1.1 Suppose that the state f G (]R^;C‘*), £ > 0, is such that Sf G (]R^;C^) , the function t —>■ 

||(lF_ — /||l 2 (r 3 ) belongs to ((—oo,0]) and t —>■ ||(bF+ — S/||j;, 2 (r 3 ) belongs to ([0, oo)). Then 

the limit in (1-3) exists and 

sr{f) = {f,Tf), (1.6) 

where 

T :=iJoS* (P_ [Ao, S] P_ - P+ [Ao, S] P+). 

Moreover, let the scattering matrix S (E) be continuously differentiable with respect to E on some open set O C (—oo, —m) U 
(m, +oo) \ CTp (H). Then, for any / G $ (O), T is the Eisenbud-Wigner time delay operator, that is 

ST if) = {To iE)f,TiE)To iE)f)^, 

with 

T {E) :=-zS {E)* (E). (1.7) 

Remark 1.2 Observe that Theorem 1.1 remains valid in the case when El — Hq is not a multiplication operator. 

Remark 1.3 We note that in the case of the Schrodinger equation a similar result was proved in [3]. For pseudodifferential 
operators of hypoelliptic-type, a result as in Theorem 1.1 was obtained in [34]. In these papers, the Fourier transforms of the 
functions / and Sf are assumed to be compactly supported. We do not need this condition and we prove Theorem 1.1 for / 
and Sf belonging to the weighted Sobolev space (R^;C‘*) . 

We suppose now that the potential V satisfies the following: 

Condition 1.4 The potential V has the form 

V{x) = {x)-^{V,{x)+V2{x)), p>2, 

where each element of the matrix Vi belongs to L°° (R^) and the entries of V 2 are (R^) functions, for some p > 3. Moreover, 
the elements of the matrix x ■ VVi are in L°° (R^) + (R^) and the entries of {x) V 2 belong to L°° (R^) + (R^) , with 

g, >2, j = l,2. 

For T > 0 we define the following dense subset of (R^; C^) : 

Vr ■■= {f € Ll (R^; C"^) I / = iff {Hq) f, for some iff G ((- 00 , -m) U (to, + 00 ) \ CTp {H))}. 

We have 

Theorem 1.5 Suppose that V satisfies Condition I .4 and let f G Vr, r > 2. Then, the global time delay ST (/) exists and 
relation (1-6) is true, with T being the Eisenbud-Wigner time delay operator. 

Let us now suppose that the potential V satisfy the following: 

Condition 1.6 The potential V satisfies the estimate 

|V(x)| < C(l + |x|)-^-", £>0. 
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The spectral shift function (SSF) is a real valued function ^ {E; H, Hq) such that the relation 

OO 

Tr (/ {H) - f {Ho)) = J fiE; H, Ho) f (E) dE, 

— OO 

known as the trace formula, holds at least for all / G (7“ (K.) (see [38], [41] and the references there in). Here Tt A denotes 
the trace of an operator A. The average time delay at energy E is defined by TrT {E) , with T (E) given by (1.7). Finally, 
we present a formula that relates the average time delay with the SSF. We have the following result (see [13], [30], [38], [41], 
and the references therein in the case of the Schrodinger operator). 

Theorem 1.7 Assume thatV satisfies Condition 1.6. Then, the following equality is valid 

TvT {E) = {E-H, Ho), (1.8) 

for E G (— OO, —to) U (to, +oo). 

Remark 1.8 For an operator A of trace class we denote by Det (I + A) the determinant oi I + A ([38], [41]). If Condition 
1.6 holds. Theorem 4.5 of [40] implies that the operator S (E) — / is of trace class. The scattering phase 9 {E) is defined by 
the relation Det S' (E) = It also follows from Theorem 4.5 of [40] that the SSF f {E;H,Ho) exists and it is related 

to the scattering phase 9 (E) by ^ {E; H, Ho) = (I/tt) 9 (E). Thus, formula (1.8) shows that up to numerical coefficients, the 
average time delay, the SSF and the scattering phase, that have different physical meanings, coincide. On the other hand, 
we observe that Theorem 1.5 and Theorem 1.7 establish, via the Eisenbud-Wigner operator, a connection between 6 E (/) 
and the SSF ^ {E; H, Ho). 

We now briefly explain our strategy. As in the case of the Schrodinger equation ([3]), by Proposition 4.1 the study of the 
limit (1.3) reduces to finding an asymptotic expansion for the quantity 

OO 

I (R) := J C dt, (1.9) 

0 


as i? — >■ OO. In order to find the asymptotics of / (i?) we proceed as follows. Separating Hq into positive and negative energies 
we obtain the decomposition (3.1) below. Since ^\pf + to^ + \q\^ + m? is different from 0 for all p and q, the terms h {R) 

and h (R) in (3.1), con taining or fu nctions, as R ^ o o. 

On the other hand, as \J\pf + m? = \J\q\^ + mf for p = q, the terms h (R) and I 3 {R ), that contain e t 

*(Vbl Vkl +"i )t • orincioal oart in the asvmototics of / fi?,l. as i?, —>■ 00 . The asymototic exuansion oi 


or g VV I I V M j ^ principal part in the asymptotics of I {R), as i? —>■ 00 . The asymptotic expansion of 

/ (R) is given by Theorem 3.2. To prove this theorem we first separate the part in Ii (R) and I 3 (R) that diverges as R, 
when R -G 00 , and the constant part. These are the results of Lemmas 3.3 and 3.5, respectively. After that, we need to 
show that the remaining part is o (1) function, as i? —>■ 00 . We prove this result in Lemmas 3.4 and 3.6. Finally, in Lemma 
3.7 we show that the terms I2 (R) and I4 (R) also are o (1) functions, as R ^ 00 . This completes the scheme of the proof 
of Theorem 3.2. We observe that the difficulty in obtaining the asymptotics of I (R) consists in that the integral in t in 
(1.9) is conditionally convergent and this convergence depends on R. The dependence on R is rather delicate and therefore 
we need some sharp estimates in weighted Sobolev spaces in order to obtain our result. Also, we note that we do not use a 
formula analogous to the Alsholm-Kato formula (see (2.1) of [7]) that was used in [3] or [34]. Besides, our approach allows 
us to obtain the asymptotics of I (R) for functions f,g in weighted Sobolev space e > 0, and we do not need that 

the Fourier transforms of / and g have compact support. This enables us to prove Theorem 1.1 for / and S/ belonging to 
(K.^;C‘*) (see Remark 1.3). If we assume that / and g in Theorem 3.2 are such that their Fourier transforms are 
compactly supported, the proof of Theorem 3.2 results to be technically easier. The first assertion of Theorem I.l is proved 
by using Proposition 4.1 and Theorem 3.2, and then, we give the relation of the time delay T and the Eisenbud-Wigner 
time delay operator ([15], [37]), which is the result of the second assertion of Theorem 1.1 (see Subsection 4.1). We observe 
that our method is direct and can be applied to another equations in quantum scattering theory, such as, for example, the 
Schrodinger operator, the Klein-Gordon equation or the Pauli operator. The proof of Theorem 1.5 consists in showing that 
under Condition 1.4 on the potential V the assumptions of Theorem 1.1 are valid. We do this by adapting the results of 
[4] and [18] for the Schrodinger operator to the case of the Dirac operator. Finally, we prove Theorem 1.7 by using the 
Birman-Krein’s formula, obtained for the Dirac equation in [40]. 

The paper is organized as follows. In Section 2 we give some known results about scattering theory for the Dirac operator. 
In Section 3 we obtain the asymptotic expansion for I (R ), as i? —>■ 00 . Section 4 is dedicated to the proofs of our theorems. 
In Subsection 4.1 we use the asymptotics of I (R) in order to prove Theorem 1.1. Subsection 4.2 is dedicated to Theorem 
1.5. Finally, the proof of Theorem 1.7 is given in Subsection 4.3. 
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2 Basic notions. 


The free Dirac operator Hq (1.1) is a self-adjoint operator on (K^;C^) with domain D (Hq) = (]R^;C^) ([33]). We 

can diagonalize Hq by the Fourier transform T. Actually, HHqJ^* acts as multiplication by the matrix Hq {^) = a ■ ^ ml3. 
This matrix has two eigenvalues E = and each eigenspace (^) is a two-dimensional subspace of The 

orthogonal projections onto these eigenspaces are given by (see [33], page 9) 

p± iO ■■= ^ {h ± {e + (« • e + m/3)) . (2.1) 


Note that 

P±{0P=iPP±){0, 


where 


^=2 


h ± 


\Hn 


The spectrum of Hq is purely absolutely continuous and it is given by a (Hq) = Oac (Hq) = (—oo, —m] U [m, oo). 

Let us now consider the perturbed Dirac operator H, given by (1.2). Suppose that the Hermitian 4x4 matrix valued 
potential V, defined for a; G K.^ satisfies the following 


Condition 2.1 For some sq > 1/2, (a;)^*° 


V is a compact operator from TL^ to L^. 


The assumptions on a potential V, assuring Condition 2.1 are well known (see, for example, [32]). In particular. Condition 


3-|-£ 


3-|-£ 


2.1 for V holds, if for some £ > 0, sup,^gR3 y_y\<i |(2/) V(7/)| dy < oo and |(2/) V (j/)| dy -)> 0, as [x] -)> oo 

(see Theorem 9.6, Chapter 6, of [32]). Of course, the last two relations are true if V satisfies Condition 1.4. 

Since V is an Hermitian 4x4 matrix valued potential V, Condition 2.1 implies assumptions (Ai)-(A 3 ) of [9]. Thus, under 
Condition 2.1 H is a self-adjoint operator on D (H) = TL^ and the essential spectrum aess (H) = a (Hq). The wave operators 
(WO), defined as the following strong limit 


W± {H, Ho) :=s- lim 

t —¥-^00 




exist and are complete, i.e., Range = "Hoc (the subspace of absolutely continuity of H) and the singular continuous 
spectrum of H is absent. 


Remark 2.2 We recall that the study about the absence of eigenvalues of H embedded in the absolutely continuous spectrum 
was made in [10], [19], [35], [42], and the references qnoted there. In particular, there are no eigenvalues in the absolntely 
continuous spectrum if 


|V(x)l < C(I + lxl)-^-", £>0. 


From the existence of the WO it follows that HW± = W±Ho (intertwining relations). The scattering operator, defined 

by 

s = s{H,Ho) ■= if;if-, 

commutes with Hq and it is unitary. 

Let Hqs '■= —A be the free Schrodinger operator in (R^; C"*) . The limiting absorption principle (LAP) is the following 
statement. For z in the resolvent set of Hqs let Rqs (z) := {Hqs — z)~^ be the resolvent. The limits i?os (A ± iO) = 
lime_>+o Ros (A ± is ), (e —>■ -1-0 means £ —0 with £ > 0) exist in the uniform operator topology in B (L^, 33“^) , s > 1/2, 
[a] < 2 ([2],[22],[39],[41]) and, moreover, [[Ros E iO) f\\-f^c,-s < ||/|]^2 , for A G [<3, oo), (5 > 0. Here for any 

pair of Banach spaces X, Y, B {X, Y) denotes the Banach space of all bounded operators from X into Y. The functions (A), 
given by Rqs (A) if Im A ^ 0, and Rqs (A ± lO), if A G (0, oo), are defined for A G U (0, oo) (C^ denotes, respectively, the 
upper, lower, open complex half-plane) with values in B [L^,R'^s) and they are analytic for ImA ^ 0 and locally Holder 
continuous for A G (0, oo) with exponent -d satisfying the estimates 0<'d<s — 1/2 and d < 1. 

For z in the resolvent set of Hq let Rq (z) := (Hg — z)~^ be the resolvent. From the LAP for Hqs it follows that the limits 
(see Lemma 3.1 of [9]) 


Ro (E ± to) 


lim Ro (E ± is) = 
£->- 1-0 


{Ho + E) Ros ((^2 - m2) ± tO) for E > m 
{Ho + E) Ros ((^2 - m2) =f *0) for E < -m. 


( 2 . 2 ) 


exist for E G (—oo, —m)U(m,oo) in the uniform operator topology in B , s > 1/2, a < 1, and \\Ro {E ± tO) f\\^c,-s 

< Cs,s \Ey ||/||j ;^2 , for \E\ G [m + 5, oo), d > 0. Furthermore, the functions, R^ {E ), given by Rg {E ), if ImA 0, and by 
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i?o {E ± lO), a E & (— 00 , —m) U (m, 00 ), are defined for E G U (— 00 , —m) U (m, + 00 ) with values in B [LI, , and 
moreover, they are analytic for Imi? ^ 0 and locally Holder continuous for E G (— 00 , —m) U (m, 00 ) with exponent d such 
that 0<'!?<s — 1/2 and d < 1. 

Next we consider the resolvent R{z) := {El — z)~^ for z in the resolvent set of H. The following limits exist for E G 
{(— 00 , —m) U {m,oo)}\(Tp (H) in the uniform operator topology in B , s G (1/2, sq] ) |a| < !> where sq is defined 

by Condition 2.1 (see Theorem 3.9 of [9]) 

R{E± fO) = lim R{E± ie) = Ro{E± fO) (1 + Vi?o {E ± fO))”^. (2.3) 

£—>■+0 

From this relation and the properties of Rj^ (E) it follows that the functions, R^ (E) := {R (E) if IvuE ^ 0, and R{E ± zO), 
E G {(— 00 , —m) U (m, oo)}\CTp (H)}, defined for E G U {(— 00 , —m) U (m, oo)}\crp {H ), with values in B (Tg,'H“s) are 
analytic for luvE ^ Q and locally Holder continuous for E G {(— 00 ,—m) U (m, oo)}\CTp (id) with exponent d such that 
0 < d < s — 1/2, s < So and d < 1. 

We now give a spectral representation of Hq. Let us define 

{ToiE)f){io):=i2TT)-K{E)P^{E) f (a:) dx, (2.4) 

where 

V (E) = {E^ {E^ , and j / {E) = V E^ - w?, 

and 

P zp'i / P+{'^{E)u:), E>m, 

“ ^ \ P- {v (E) uj), E< -m, 

{P± (5) are given by (2.1)). The adjoint operator Tq (E) : L'^ (§^;C‘*) —>■ s > 1/2, is given by 

(F; (E) f) (cc) := (27r)-^ v (E) [ P^ (E) / (cc) dec. 

Note that Fq (E) is unitary equivalent to the trace operator Tq (E) , defined by using the Foldy-Wouthuysen transform in [9] 
(see [28]). Then, from the properties of Tq (E) ([20], [21], [41]) we conclude that Fq (E) is bounded from L^, s > 1/2, into 
(S^;C^) and the operator valued function Fq {E) is locally Holder continuous on {— 00 ,—m) U (m, 00 ) with exponent d 
satisfying 0 < d < s — 1/2 and d < 1. 

Since the operators Fq (E) and Tq (E) are unitary equivalent, it follows from Section 3 of [9] that the operator 

iPof){E,u;):={roiE)f)iu;)) (2.5) 

extends to unitary operator from onto 

n:= n{E)dE, (2.6) 

J ( — 00, —m)U(m,+oo) 


where 

n{E) := / {iz{E)uj)doj, 


Moreover, Eg gives a spectral representation of Hq 


± E > m. 


EoHoEo = E, 

the operator of multiplication by i? in ?/. For these results see [28]. 

Since the scattering operator S commutes with Hq, the operator acts as a multiplication by the operator valued 

function S {E) : R [E] —5> R (E). We obtain from Theorem 4.2 of [9] (see also [38],[39],[41]) the following stationary formula 
for S (E) (see [28]), 

S{E)=I- 27rfro (E) (V -VR{E + fO) V) Fq {E)* , (2.7) 

for E G {(— 00 , —m) U (m, oo)}\(Tp (id). Here d is the identity operator on R {E). S (E) is called the scattering matrix. 
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3 Asymptotics for I (R). 

Let us first show that I (R) is well defined. The following result holds. 
Lemma 3.1 For any fixed 0 < i? < oo, and f,gG ^ 3 / 2 +e’ £ > 0, we have 

I (R) < oo. 


Proof. Using that P 4 . + P_ = I, we get 

OO 

IiR)=J (.F((P++P_)(e-^°V)),-^(c(^) (P++P-)e-*^»‘g)) 

0 

00 

= (27r)-3 J (j- ((P+ + P_) ,Cr*R ((P+ + P-) e-^^o^g))dt 

— (27’’) ^ (A +^ 2+73 + I 4 ) (i?), 
where * denotes the convolution, = (27r)^^^ J" (^)) 


dt 


(3.1) 


i{R)-.= j J J (e-Vlpl^+-^V_, (p), (p - q) (g)) dqdpdt, 

0 R3 113 

OO 

r 2 (i?) := J J y'(e-*V^^^V+(p),C«(p-9)e*V^^^V {q)) dqdpdt, 

0 R3 113 

OO 

^3 (i?) ■■= j J J (p), Cr (p - q) dqdpdt, 

0 R3 1^3 
00 

h (R) ■■= J J J (eVbl=+™^V_ (p), (p _ g) rfqdpdt, 


0 R3 


with f± (p) := P± {p) f (p) and g± (p) := P± (p) g (p). We prove that |/i {R)\ < 00 . The proof of \Ij (i?)| < 00 , for j = 2,3,4, 
is similar. 

Let us define 

h if+,g+;t) :=JJ (e-*VbP (p) ^ 


It is enough to show that 

Since 

then 


hif+,g+;t)dt 


< ^ II/+IIh 3( = + ®(R3) ll5+ll^3/2 + e(R3) 


3/2 + e'' 


(3.2) 


Cfl(p) 


< C, p G 


hif+,g+;t)dt 


^ C' ||/+||^1(JJ3) ||3+|Il 1(R3) < C* Il/+||i2^^^^(jj3) II5 +IIl2^2_^^(R3) 


and thus, in order to get (3.2), we need the estimate 


hif+,g+;t)dt 


< ^ II/+IIh3/2 + E(][j 3 ) ll5+llw^)^ + '( 


^3/2+eV 


(3.3) 
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Suppose that f,g £ S (here S denote the Schwartz class). Observe that 


h{f+,9+;t) = 


‘/+ (ruj ), Cr {ruj - riLo') (riw') ) r'^rldrdriduj'dw 


S2 §2 0 0 




/+ (ruj), 


X (dr^e — riu)') (tiCu')) r‘^r‘{drdriduj'duj. 


Integrating by parts in both r and ri, we get 


oo oo 

hiU,g+;t) = ^J II Jt 


— q vr^+m^ —v''^! 


drdri (ry/r'^ + 'm?f+ {ruj), 


§2 S2 0 0 


Noting that 


we obtain 


(rw — Tioj') riy'rl + m'^g+ {riuj') ) drdridco'dw. 


(p) <Cj, p G K^, for all j, 


j hiU,g+;t)dt 

and then, using the Sobolev embedding theorem, we get (3.3) for f,g G S. Hence, by continuity, we extend the estimate 
(3.3) for all f,g £ therefore, we arrive to (3.2). ■ 

We now study the asymptotics of / (i?), as i? —>■ oo. We have the following 

Theorem 3.2 Let f,g £ , £ > 0. Then, as i? —>■ oo, 


I{R) = Rj - f+ip),g+ip)\dp + Rj 


\pf + m? 


/- {P), 9- (P) ) dp 


+*/ //+ iP), ip) + ■ V (9+ ip)) + ^P • V lj\pt + m^g+ (p)) \ dp 


J\p'^ +w? 

f- (P) - ^ ' 12 9- ip) 

2bl 


2 - P ■ ^ ( 9 - (p)) + -d-l 2 P • ^ f \/bF+^5- (p)) \dp + o (1) 


where f± (p) = P± (p) f (p) and g± (p) = P± (p) g (p). 

Proof. We decompose I (R) as in relation (3.1). Let us consider the term Ii. Let p (s) G (R), be such that p (s) = 1 in 
some neighborhood of s = 0. Observe that 


h (R) = lim / / / e 




IpI^ + TO^ 


\p\ + kl 


/ y \p\ + + y \q\ + ~ \ 

X (-ly+M- ^Cr{p- 9 ) 9 + (<?) j dqdpdt. 


Proceeding as in (3.4), we show that 




IpI^ +771^ + y\qf' + rn? 

\p\ + kl 


\p\^ + m2 + Y kl^ + 

\p\ + kl 


/+ {p) ,Cr{p- 9 ) 9+ { 9 ) ) dqdp 



belongs to L^, as a function of t, uniformly on £ < 1. Then, it follows from the dominated convergence theorem that 

Iff! Yi I I iw \/ \P\^ +rn^ + J\qf' + m? . \ 

h{R)= j J j (e ^ -H + M-> Cii (P - 9 ) 9+ (<?) ) dqdpdt. 

0 R3 R3 ' ' 

Let the function F (s), s G R, be such that (s) = 1 for 0 < s < 00 and F (s) =0 for s < 0. Passing to the spherical 
coordinate system in the q variable in the expression for Ii (R), we get 


Ii (R) = lim 

T-S-+0 




\J\p\^ + rn? + + m? 


0 


\p\+‘ 


/+ {p) Xnip- ruj) 9+ (?’w) ) r'^drdpdw 


00 / 00 


lim^y* J J ij^ f {{\p\ — r) uj,p) drdpdoj^ 


‘ —00 \o 


where 


/ d\pf Fw?F\l\q\^ + m? _ \ 2 

f{q,p) ■■= i - \p\+Jq\ - f+iP)^<RiP-9)9+{q))F{\9\)\q\ ■ 


Moreover, as 


00/00 


lim 

r^+O 


e *’’*6 '^^dt f {{\p\ — r) uj,p) drdoodp = — lim i 


+0 


f{{\p\ -r)uj,p) 


drdtodp 


'• §2 _oo \0 


R3 S2 —00 


= — lim lim / if(\p\(jj,p) / 

S^Or^+oJ J ' My 


dr 


r — IT 


dwdp — i lim 
5->o 


R3 S3 


■ -5 

/ ■"j 

—00 5 J 


fii\p\ - r)uj,p) 


drdujdp 


- lim lim / / , i 


l5->0 T-)-+0 


r — IT 


>S3 -S 


we conclude that 

h (R) = Ipi (R) + h,2 (R), 


with 


and 


/l,l (R) ■■= 7T 


f {\p\uj,p)dujdp 


R3 S2 



—5 00 " 

Ju(if) f 

hi 

R3 S3 

—00 6 _ 


f{{\p\ -r)L0,p) 
r 


drdujdp. 


Using Lemma 3.3 for Ii^i (R) we obtain the first term in the R.H.S. of the asymptotic expansion (3.5). Decomposing Ii ^2 (R) 
as in the sum (3.15) and applying Lemma 3.4 to /M (F), Lemma 3.5 to if 2 (R) and Lemma 3.6 to 2 (R) we get the third 
term in the R.H.S. of (3.5). 

Now note that 


hiR)= lim^/ / f f f ’')*e ^^dt) —(p) ,Ce(p- ruj) g_ {roj)\r'^drdpdw 

’■-*-+0r3§2 0 Vo / \ / 

00/00 \ //I I \ \ 

= linr^ / f f [f e^^*e~'^*dtj fi ((IpI — r)uj,p) drdpduj = lim^f f f f drdtodp 


r->.+0 


= * lim / / 


s^o 


R3 S2 -00 \0 

—S 00 

/ +/ 

-00 6 


T^ + 0 


R3 §2 _oo 


R3 §2 


/i((|p|^ r)‘^,p) _j_ ijjjo lim f f i f 


(5->0 T-1.+0 


' S 2 -s 


+ 1™ JlMn / / (IpI I dujdp, 


S^Ot^+O 


R3 S3 


dr I 

V-<5 7 
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where /i {q,p) := / y_ (p) - q) g_ {q)\F {\q\) \q\^ , and then 


where 


h (R) = hs (R) + h,2 (R) ■. 


h (R) := tt / fi (IpI uj,p) dujdp 


l+l 


fi ((bl -r)uj,p) 


drdujdp. 


Thus, similarly to the case of Ii (R) above, we obtain the second and fourth terms in the R.H.S. of the asymptotic expansion 
(3.5). Finally, applying Lemma 3.7 to I2 (R) and I3 (R), we complete the proof. ■ 

Let us now check the results that we use in the proof of Theorem 3.2. First, we calculate the asymptotics of Iip (R) as 
R^ 00 . We have 

Lemma 3.3 Suppose that f,g € , £ > 0. The following relation holds 


hp (R) = Stt^R j / - 

EPS ' 


\pf + TV? 


f+{p),9+{p))dp + o{l), as R^ CO. 


Proof. Noting that fa (p) = 47r ^ (see Theorem 56, page 235 of [11]) and passing to the spherical 

coordinate system in w, where the 2 :—axis is directed along the vector p, we have 


hp (R) = dTT^ 


/o (p), -R 


^cos (i? jpj •\/2 — 2cos0) sin (i? IpI •\/2 — 2 cos 9) 


(2-2 cos d) 


- 3—^ 9+ (bl ^(0, (fi)) ) sinedOdpdp, 

jpj (2 — 2cos6i)2 / / 


where /o (p) := /+ (p) and uj{9,(p) := (cos v? sin 0, sin sin 0, cos d). Observing that 

/ cos (i? jpj •\/2 — 2cos 9 ) sin [R\p\ •\/2 — 2cos6*) \ . sin (i? jpj y/2 — 2cos0) 

\ ( 2 - 2 cos 6 >) |p |(2 - 2 cos 6 i )2 J \p\ V 2 - 2cos6» 

and integrating by parts in 9 we get 


hp {R) = Stt^R j (/o (p) , g+ ip)) dp + lip (R) + lip (R), 


where 


lip (R) ■= j sin (27? jpj) (^fo (p ), 


9+ i-p) 


IpiiR) ■= 47’-^y JJ (fo ip), V2^^2 cos T^^^^^ 


Note that 


l(/o(p),ff+(-p))| ^77^7'^ C'(||/+IIl“(|p|<i) + II/+IIl2(r3 )) (||5 +IIloo(|p|<i) + ||5 +|li2(R3) 


Taking p = jpj w in the integral in (3.8), it follows from (3.9) and Fubini’s theorem that 


/o(p),^^^)|p|"rf|p|G7^'(S^). 
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In particular, we have 


/o (p), % ^ \P\^ ^ \P\ < OO’ 


for almost all a; G . Then by the Riemann-Lebesgue lemma we get 


lim [ sin(2R|p|) (fo (p), \ \pf d\p\ = 0, 


R—¥(yo 


2W 


a.e. in w G Thus, using (3.9) to apply the dominated convergence theorem in (3.8) we obtain 


lim /1 1 (R) = 0. 

R—>^oo 


Let us consider now ^ (i?). Note that 


27r TT / _ « 

sin (R\p\ -^2 — 2 cos 9) n < ^ 

(p) ,-—====-(cosv3,sin(/9, 0) • Vg+ {\p\ w(6», p)) ) cos Odedpdp 

2V2 —2cos6l / 



y/2 + 2cos0sin {R\p\ \/2 — 2cos0) 


(0,0,1) • Vg+ (IpI uj{e, p))j dOdpdp. 


,P))\ 


We have 


ZTT TT 

l/o(p)l J j IV5+(b|w(6', (/?))! < C (||/+||i,»(lpl<;^) + ||/+||^2(R3)) ||p+|Ihi(r3) ■ 


0 0 


Then, arguing as in the case of (3.10), we get 


2tZ TT 


lim 47r^ 
R—¥00 




\/2 + 2 cos d sin (i? \p\ ^2 — 2 cosd) 


0 0 


Observe now that 


dTr^yy" j / /o (p), co^°^ V 

E3 0 0 \ ! 

277 77 / _ » 

dTT^yyy //O (p) , (cosp,sinv3,0) ■ (Vg+ (|p| a;(6l, p)) - Vg+ (p))\ cosddddpdp. 


Thus, as 


0 0 


1/0 (p)i 

■\/2 — 2 cos 6 


|Vp+ (IpI w(d, p)) - Vg+ (p)| dddpdp 


1/2 


[J V2-2Ls8 ^^ I J 1/0 (p)l fy y l'9e(Vp+(|p|w(d,p)))|^dddp| dp < C'||/+||^2(R3) IIp+II 


W2(R3) ’ 


vO 0 


(3.10) 


(3.11) 


(0,0,1) • Vp+ (IpI w(d, p)) ) dddpdp = 0. (3.12) 


arguing as in (3.10), we see that the limit of the first term in the R.H.S. of (3.11), as i? —>■ 00 , is equals to 0. Therefore, 
passing to the limit, as i? —>■ 00 , in (3.11) and using (3.12) we conclude that 


lim (i?) = 0. 

R—¥cx) 


(3.13) 


Using relations (3.10) and (3.13) in (3.7) we obtain (3.6). 
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Next we study the asymptotics of /i ,2 (R) as i? —>■ oo. Passing to the spherical coordinate system, where the z—axis is 
directed along the vector p, we obtain 


27r TT 

|p|-<5 00 

L,2(i?) = -4.zlimJ J J 

/ + / 

R3 0 0 

_-oo |p|+(5_ 


/+ (p), -R 


+ 


(|pp-2r|p| COS 


Tpl go {ruj{0,ip); IpDsind 


F (r) r'^drdOdipdp, 


{\p\-r) i\p\+r) 

where go ( 9 ; bl) := (\J\pf + ^\q\^ + w? g+(g) and w(0, (/?) = (cos v?sin0, sin sin d, cos0). Noting that 


/ cos f R\J\p'^ — 2r \p\ cos 0 + j sin f R\J\p\^ — 2r \p\ cos 0 + j \ sin f R\J\p'^ — 2r \p\ cos d + 

I -R -^- - + - I sin6» = -de - ^ - 


V 

we have 


IpI — 2rb|cos0 + r2 


— 2r IpI COS0 + 


3/2 


r IpI \J\p'^ — 2 r \p\ cos 6 + r"^ 


-R- 


Cr {p-ruj{e,(p))go {ruj{9,(p); b|)sinddd 


s(i?v^|p|^—2r|p| cos 9+r^'j sin(^R-^\p\^ —2r\p\ cos 9+r^'j 


|pp—2r|p| cos 9-\-r‘^ 


(|p|^- 2 .|p|cos.+.^)^ ' bl)sindd0 


sin (^i?V^|p|^— 2r|p| cos0+r2^ 
r|p|-\/|pp —2r|p| cos 9+r^ 


sin(i?(b| +r)) 
r\p\ (bl +r) 


-go 


(-r^;bl) 


sin {R (bl — r-)) 

rbl (bl -r) 


-90 


(^^;bl) 


go {ruj{9,p); \p\) d9 

^ sin (^Ry/\p\^ —2r\p\ cos0+r2^ 


r|p|-\/|p|^ —2r|p| cos 


dggo {ruj{e,(p);\p\)de, 


and therefore, we obtain the following decomposition 

h ,2 {R) = Ih (R) + 1 I 2 (R) + 1 I 2 {R) : 


with 


/i _2 (,R) := STT^i lim f 

R3 


|p|-(5 


sm{R{\p\+r)) ^ ^ ^ I' IpI j ^ ic rdrdp, 


- 0 ° |p|+5 

|p| —<5 00 


Ii 2 (R) '■= —Stt^i lim 
’ 5 —>0 


bl (bl - r) (bl + 0 

sin {R (bl — r)) 


br 


bl+<5 


bl(bl-?’) 


2 V(brdrdp 


and 


II 2 (R) ■= -47rz lim y J + J 


|p|-<5 


IpI+'S 


bl +r 


bl^ + + rrF 

r\p\ (bl - r) (bl +r) 


, wgin I IpI^ — 2r bl cos6l + j \ 

X ( /+ (p)) / /- ^ , — -deg+ {ruj{9, p)) d9dp ) F (r) r'^drdp. 

' Y bl^ ~ 2r bl cosd + 


/ 


For ll 2 {R) we have 


Lemma 3.4 Let f,g € "^ 3 / 2 + 6 ’ £ > 0. Then, 


lim II 2 (i?) = 0. 

R—>^oo 


(3.14) 

(3.15) 


(3.16) 


12 



Proof. Note that 


/I (i?)=87r2Him f {f+(p), go {-p;\p\)) il 2 dp 

s^oj 


+ 87 r^i lim 
<5->o 



where 


siii(i?(|p| + r)) 
\p\i\p\+rf i\p\-r) 


il.2iR,\p\,d) := \ / + 


/+ (P) ) / (50 bl) ^1) dri ) F (r) drdp, 


sin(i?(|p| +r)) 
i\p\ - r) {\p\ + ry 


■F (r) dr. 


Since for any e > 0 , 


/+ (P) 


(|p|+r)^|r-|p|| \ \p\ 


__ f /+ (bl^) 

i\p\+rf\r-\p\\^^^J \P\ 


< b.. (ffo {riuj; \p\)ri)\^ dujdri 


9ri (50 (-'^ilfy; bl) ^1) drij drdp 


\^r^ [go i-riu;Ap\) ri)\ dri \ duj\p\ d\p\ 


/+ (bl^) 
bl 


V //(bl+rfb-bir I bl 

c (||/+IIl“(|p|<i) + II/+IIl|(r 3)) (lb+llL°°(|p|<i) + Ib+ll^i) > 


duj \p\^ d \p\ 


arguing as in ( 3 . 10 ) we get 


87 r^z lim lim 

R—^cx) 6—^0 


sin(i?(|p| + r)) 

bl(bl + 0 ^(bl-b 


r V 

f+ip),J dr,go (^-tij^^ApI^ drij F {r)rdrdp = 0. ( 3 . 18 ) 


For (5 < 1 , we decompose i\ 2 {R, \p\ , S) in the sum 


•1 i i cos2R\p\ 

i{ 2 [R, b ) 0 ) = -^ 

’ {2\p\f 



sin {Rr) 


FAp\ - r) dr + sin {2R\p\) {R, bl b))i 




r (2 \p\ - r) 


where 


(b.2 (R, blb))i := 7—^ 



cos (Rr) 


F {\p\ — r) dr. 


For IpI < 5 < 1 and any £ > 0 we get 


If (5 < \p\ < 1 , 


and thus, 


(b.2 (-R. blb))i 


^ In (5 ^ ( 5 ® In (5 

- {2\p\f - {2\p\f+^' 


-bl 

SliMM / £££.51*, 

^ {2\p\f y r 


(b,2(^: blb))i 
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Finally, for |j3| > 1, 

From these relations, together with the estimates 

■ -S 1" 




1 


(2bir 


-1 <5 


sin (-Rr) 


F {\p\ — r) dr 


(2wr 


-R5 K 


— R RS 


sinr 


-F 


R. 


dr 


< C- 


\P\ 


uniformly for R and ,5 (since sl^dr = 2 sl^dr = tt implies that ^dr<C, for all a and b), 


-1 


1. 1 


r\ 2 \p\-rf i 2 \p\f 


IpI 

<Ji 


\p\ 

] F (IpI — r)dr < J 


1 1 

{ 2 \p\-rf{ 2 \p\y^\ 2 \p\-r) (2 H) 


1 ^ 4r \p\ — 

~r\2\p\-rf{2\p\f- 


< c<i±hh!l 


dr 


\P\ 


and 


we obtain 


— 1 oo" 

+ 

— OO 1 


|r| (2 IpI -r)' 


rF (IpI — r) dr < C 1 + 


br 


Arguing as in (3.10) we get 


[\{f+ip),9oi-p; bl))*i 2 (^, \p\,S)\dp< C ||/+||^2 Wg+hi 

R3 

foC (||/+IIloo(|p|<i) + I1/+IIz,2(r 3)) (lb+llL~(|p|<i) + II5 +IIl2(r3)) • 

Stt^z lim lim f {f+ (p), go i-p;\p\)) il 2 {R,\p\ ,S) dp = 0. 
R—yao <5—>0 J 


(3.19) 


Moreover, taking the limit in (3.17), as i? —>■ oo, and using (3.19) and (3.18) we obtain (3.16). ■ 

The following resnlt shows that the term if 2 (R) gives the non zero part of the asymptotics of /i _2 (R) as i? —>■ 00 

Lemma 3.5 For f,g G , e > 0 we have 

g, (R) = f (u (P ). + EdZiMtaMl \ d,, 

Js \ 2\p\ / 


lim It 

R—^oo 


(3.20) 


where go {q; \p\) = \p\^ + + y' |g|^ + j g+ (q) . 

Proof. Observe that 

where 


ii,2 iR) = iy2iR)+ii:2iR), 


2,2 . 


(3.21) 


.= _87r^i 


— 1 00 ' 


and 


R3 L -00 1 J 

■ -<5 1 


lt ’2 (R) ■= —Stt^i lim 
’ (5 —>0 


-1 <5 


sin(Fr) / 5o ((bl r)|P;|p|)\ 

\p\^2 (/+ (P) ’-^^37- ) ^ (IpI - (IpI - 


^ 0 - (") ’ ^ ( 1^1 - ">’1 - ’■> 
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f f 1 / 50 (W-r)^;H \ 

J + J ]^y+ ^ (IpI ■ 

— CXD 1 _ ' 

oo oo 

<cj JJ f+i\p\uj) (^1 + \g+{ruj)\dujrdr\pf d\p\ 


I [I ^\p\ J ij \ 9 +iri^)f r'^divj dr 

0 W / / \o W / 

< C (||/+|Il~(|p|<1) + ll/+llL=/2+e) (ll5+lli”(bl<i) + 11^+11^3/2+.) ’ 


arguing as in (3.10) we obtain 


As for all 5 < 1 


lim ly {R) = 0. 

R—¥CX) 



f+ {P) , 9 oi{\p\-r)-^;\p\))F{\p\- r) 


\p\ - r 
2\p\-r 


- p (|I/+IIl“(|p|<i) + ll•^+ll^'(/2+J II5+I1 l“ > 


it follows from the Fubini’s theorem that 


■^ 1,2 (R) = lim j + j sin (Rr) J / /+ (p), — ^ - - j F {\p\ - r) i\p\ - r) dpdr 

-1 <5 J R3 ' ' 

1 


—Sir’ll lim / + 


= _8,=i lim f f 

S^O J J 

<5 |p|<i 

A / l ^ / 


/+(p) .90 ((H + 0 Ipl)) * 


/+ (P) 


5o((bl-0 |^;bl) 


2 IpI - ^ 


F(|p|-r)(|p|-r)^ I dr. 


Noting that 


/+ (P) ,50 ({\P\ + r) bl) ^ ^ II/+IIl->(IpI<i) II5+IIl~(|p|<2) , 


we get 


0 |bl<S 

and thus, arguing as in (3.10), we see that 


/.(p), 9 o(w + r.i^))^||) ir<C. 


sin {Rr) 


lim lim / -- / 

R—yoo (5—>0 J T'^ J 

-5 |p|<§ 


U (9) ,90 (dPl + 01^; IPl) ) 5 (^ 11 ) * = «■ 


Using that 


1 1 r /■ 1 9 8 + 

2R^-^ + I^ + i (2\p\-tf ’ 


50 ((IpI - +) bl) = 50 (p; IpI) - ^ ^ i 


r 

r + \jah«{i 


-i)TU;lp| {r-t)dt, 
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we get 


—Stt^z lim 
<5->o 


■ -<5 1" 

/4 

sin (Rr) f / 

-1 <5 . 

|p|>^ 


/+ (P), 




where 


(R) := —Stt^z lim 


5->o 


2 \p\-r 

= (R)+jr (R)+Ji^ (R) 

-S 11 


F(|p|-r)(|p|-r)p I dr 


-1 <5 


j\l j 


|p|>^ 


J 9 (i?) := Stt^i lim 
5->0 


/+/ / F (IPI - .) (/+ (P) ■ \ i^r. 

J J ^ , \ 4|p| 2\p\ / 

-1 <5 -I |p|>lrl 


and 


(i?) := Stt^z / sin (i?r) 


-1 


|p|>- 


nFdPi -) (/. (ri . 52;^^ - 

\p\ \ 4 IpI 2 IpI / 


-SttHJ sin (Rr) J (^f+(p) 


R’ 


— r) (IpI — r) dpdr, 


|p|>R 


with 


w\\p\, |^,r) := 


(2 \p\-tf 


{r-t)dt go(p]\p\) 


y(2H-ty 


(r — t) dt 


P- (Vg5o) (p; \p\) 


1 


\P\ 


2(2 H-r), 


((bl -*)ify;bl) {r-t)dt. 


Note that 


(i?) = —Stt^z lim 


<5->o 


-<5 1' 


L-i <5 


sin {Rr) 


|p|>hl 


^ ^ 5o(p;bl)\ J J 

/+ (p). 2\p \ — > 


—Stt^z lim 
(5->0 


-5 1' 


sin {Rr) 


.-1 <5 J 

1 
r 
2 


-P" (bl -r){f+ {p ), ) dpdr 


<|p|<kl 


= STT^i I sin (Rr) j \lf+{p), ) dpdr. 


0 


§<lpl<^ 


2W 


As for any 0 < e < 1 


0 §<|P|<F 


arguing as in (3.10) we get 


/+ (P) . 


dpdr < 


dr 

nl —£ 


- 2^^-° J \p\ 
0 |p|<i 


2+£ 


go (p; bl) \ 

2bl / 

c 

— ~ II/+IIl°°(|p|<i) llg+II l°°(|p|< 1 ) 


lim (i?) = 0. 

R—^oo 


\{f+ip),9oiPl \p\))\dp 


We split (R) as 

(R) = STT^i f sin (Rr) f-F {\p\ - r) / f+ (p) , 

4 rV \ 41^1 2 \p\ / 

o2-/-dod /’i/.fdd go(i3;bl) , p- (v,5o) (p; bl)\ ^ ^ 

-8"Vsm(i?r) j + 


|p|<5 


(3.25) 


(3.26) 


(3.27) 


(3.28) 


16 



Noting that for any 0 < e: < ^ 


I'M \ ' 

f dr f \f+{p)\ f\go{p;\p\)\ , Ip- (v,go) (p; bl) |\ 


0 |p|<l 

c „ „ „ 


br+" V 4|p| 


— g I1 /+IIl°°(|p|<1) (||5+IIloo(|p|<i) + Ib+||^i(|p|<l)^ , 


and arguing as in (3.10) we obtain 


J sin (Rr) J ^lf+{p), 


go [p; bl) , p- (Vgffo) (p; bl) 


dpdr = 0. 


Observe now that 


J J (bl -r)U ip), 1^1) 


= Sn^i 


'sin(i?r) \^ \ / f f \ 5o(p;bl) , p’ (v,5o) (p; IpI) \ . 

F(|p| - .) dr //, (p), - \ dp 


= Stt^i 


|p|>l \^i? 

/«bl 


sinj'j Wf ^ ^ £'o(p;bl) , p-(VqPo) (p; bl) \ J 

2|P|» 


+87r^i 


|p|<i 


sinr Po(p;bl) , P ’ (Vgffo) (p; bl) \ j 

V"' NSr ^-ibp-/ 


|p|>l I Vfl 


'sinj’j Wr d ^ 5o(p;bl) , p-(v9ffo)(p;bl)\ ^ 

2ipr 


^ rd [ t f \ 5o(p;bl) , p-(Vggo)(p;bl)\ ^ 

1. \ ' 

^ C'||/+|b2 (|b+llL2 + lb+||«i), 


|p|<l \-~R 


!til* //^(p).9dK»+£liZ£!!dtaM\ dp 

r \ 4b| 2b| / 


<c f //,(p).g2i^ + ?’-("tf°>faM> \ dp 

li. \ “I'’! 'W / 


uniformly on i?, it follows from the dominated convergence theorem and the equality ^^^dr = tt that 


Sn^i lim / / - 

J J r 

-1R3 


sin(i?r) 


^(bl -»■) ( /+(p) 


5o (p; bl) , p- (VgPo) (p; bl) 


= STT^i / ( /+ (p) 


po(p;bl) , p-(Vgffo) (p; bl) 
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Therefore, taking the limit, as i? —>■ oo, in (3.28), and using (3.29), (3.30), we obtain 


lim (R) = [ (U ip ), ) dp. 

\ 4\p\ 2\p\ / 


Let us consider now (R). Observe that for all 0 < e < ^ 


^ M) dpd. 


“ J r^-^J ’ 4 \p\^+^ 2 H"+" / 

0 R3 ' ' 

< C' ||/+|Iloo(|p|<i) (||5+IIloo(|p|<i) + llff+llHi(|p|<l)) + C ||/+|l2,2 (||5 +IIl 2 + ||g+||^i) . 


Then, arguing as in (3.10) we obtain 


lim / sin (Rr) 
R—^oo I 


(bi -')(/. (P). Yrr - = »■ 

\P\ \ 4\p\^ 2\p\^ / 


Note now that for 0 < e < 1 


Then, for e < 


Thus, using that 


p A T-n I ^ / ^ l^'l" I P I IM , ^ 1 P- Yq9o){p]\p\) 

.^,r)F{\p\-r) <Cj^|S„(p;|p|)| + Cj^ -- 

/M 

lr-|2“® / /■ I _ / \ |2 _ 1 


\pf {\p\ - rf 


F{\p\-r) / |9|go(t^;W)| fdt 


i 

/ / (/+(p)>^«(bl,|f|,r)^-F(b|-r)(|p|-r) dpdr 


hpi>^ 


7^/2 1'^+ ‘^Z 1^ 


dr f\f+{p)\\p-Yg9o)ip;\p\)\ 




I/+(P)I -F(|p|-r) 

bl {\p\-r)^~^" 


'9^50 (lify; bl) dpdr. 




I |2-2£ ' , ,1. 

bl bh 


-^l/+(p)I^Z ^P 


bl) I (t^; bl) I 1 


C (||/+IIl“(|p|<1) + ’ 
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we obtain 


IpI 


/+ (P), w (b|, ly, r) ^ -F (bl - r) (IpI - r) 


dpdr 




^ c* (^II/+IIloo(|p|<i) II5+IIloo(|p|<i) + II/+IIl 2 Ilff+Ili2 

+C' (||/+IIl=o(|j,|<i) + Il/+Ili2j llff+ll^i + c (||/+|Iloo(|p|<i) + II/+IIl 2^2^J llff+ll 

< C' (||/+IIloc.(|p|<i) + II/+I1l 2^2^J (llff+llL“(ipi<i) + llff+llw^) • 
Hence, arguing as in (3.10) we see that 




-Sir'^i J sin (Rr) J ( f+(p) ,w { \p\, ^,r ] ) F {\p\ - r) {\p\ - r) dpdr = 0. 


-1 




\p\ 


IpI' 


Taking the limit, as i? —>■ oo, in (3.26), and taking in account (3.32) and (3.33) we arrive to 

lim Jg’^ (R) = 0. 

R—¥(X) 

Moreover, passing to the limit, as i? —>■ oo, in (3.25), and using (3.27), (3.31) and (3.34) we get 

■ -5 1 


—87r"^t lim lim 
R—kxi (5—>0 


-1 <5 


sin (Rr) 


|p|>^ 


5o((W-r)^;H)\ dp 

■f+ (p)’-^R I 


= 8.3, / / , 90^ ^ P ■ (V,go) b; \P\) ^ 


4br 


2br 


(3.33) 


(3.34) 


Using the last relation together with (3.24) in (3.23) we obtain 


(i?) = 8.3. [ /u ip ), + P-Mip;\p\) ^ dp+ 0(1), 


4br 


2br 


(3.35) 


as i? —>■ oo. Moreover, using equalities (3.22) and (3.35) in (3.21) we arrive to (3.20). 
Now we show that if 2 (R) is o (1) as i? —>■ 00 . We have 


Lemma 3.6 Suppose that f,g G e > 0. Then 


hm /3 (R) = 0. 

R—¥oo 


Proof. Recall that 


II 2 (R) = -47ri lim J 


R3 


bl-<5 


|p|+<5 


277 77 


(v^Ipp+m^ + Vr^+m^) f f sin fR^\p\^-2r\p\ cos B+r^) \ 7 -/ ^ 2j j 

X ( f+(p), J J ^|p|2_2,-|p|cose+r=^ ^ r^drdp. 

^00 ' 


r|p|(|p|-r)(|p|+r) 


Noting that for all 0 < 5 < 1 
|p|-<5 IpI + J 


\p\^ 


277 77 


[|p|-l |p|+(5_ 

we decompose if 2 (R) as follows 


(IpI -r) \p\ 


f+ (P) 


0 0 


sin (i?|p| V2-2cos6l) ,, , , \ 

-—^====-^(905+ {\P\ ^(0, +)) d0dp )dr = 0, 

|p|v2 —2costl / 


I !.2 (R) = I 1.2 (R-, 0, 7r/4) + jR (R; ^/4, 3 . 74 ) + /34 (i?; 3./4, tt) + /R (R; 0, 7r/4) 
+/R (R; 7r/4,3./4) + jR (R; 3./4,.) + jR (R) + iR" (R ), 


19 



where 


/?’2 {R; a, b) := —Airi lim / 
’ <5^0 7 


R3 


|p|-i5 |p| + i] 


|p|-l |p|+<5 


-r) V 


( P (^) ^ \ (p), ^3.1 (IpI , r, 9, if] R] a, h) d9d(p^ drdp, 


with 


•3,1 


,r;R;a,b) := 


^ (sin (r^\ pf' — 2r \p\ cosO + 




/?’2 (i?; a, 6) := —Am lim 
’ 5—>0 


0 a y 
|p|-<5 |p| + f 

/ ■^ / 

|p|-l |p|+(5 


\p\ — 2r \p\ cos 9 + 


(ru;(6»,(/?)) 


dOdp, 


) 


\pY 


i\p\ - r) \p\ 


/+ ip),H’^ i\p\,r,9,p;R;a,b)) drdp, 


with 


(^^\/bl^ — 2r \p\ cos 9 + r" 

*i;2 '= J J 


0 a 


sin (i? IpI V2 — 2cos0) 




V 


\J\p\^ — 2 r \p\ cos 0 + 




-fi.’l (^) := -47ri lini 

(5—>0 


J 

|p|-<5 |p| + l 

hi 

( 

R3 

bl-i bl+'5_ 



bl 


2 , 2 


- ?■) \p\ 


\p\ V2 — 2cos0 
/+ (P)) *i ;2 (bl > r, 9, p;R)) I drdp, 


d 9 g+ (ruj(9, p)) d9dp, 


with 


and 


27r Tzb 


hi{\p\,r;R) := 


sin (i? \p\ \J 2 — 2 cosP) 


0 0 


IpI V2 — 2cos6l 

bl-i oo 


{degj, iruj{9, p)) - dgg+ {\p\ uj{9, p))) d9dp, 


Ii’2 (R) ■= -47r* 


|p|+i 


r|p|(|p|-r)(|p|+r) 


27r TT 


X ( /+ ip) 1 


0 0 


\p\^ —2r\p\ cos0+r2^ 
2r|p| cos0+r^ 


■deg^ (iviO, p)) dOdp ) F (r) r'^drdp. 


Let us consider first 1^ 2 {R; 0,7r/4). Using that sinx = ^have 


sin (r\J\ pf — 2r \p\ cos9 + 


IpI^ — 2r \p\ cos 0 + 


5eg+ (ru;(6»,(/9)) = 


—2r|p| cos^+r^ ^—iRyJ |pp—2r|p| cos 

2*\/bl^ ~ 2r IpI cos 0 + 


-degjr {ruj{9,p)) 


Noting that 


,^±^Ry/\pf- 2 T\p\co^e+T■^ do (^(sin 9 ) e±«bbl"-2dp| cosS+r^^ 


IpI^ — 2r IpI cos 9 + r"^ (cos 9) ^\p'^ — 2r \p \cos 0 + ± iRr \p\ sin^ 9 

and integrating by parts we get 


j A. 


pAziRyJ\p\'^ —2r\p\ cos 6+r^ 

—2r|p| cos^+r^ 


t/4 


d 0 g+ {ruj{9,p))d9 = 


de (^{sin e)e±*HVlp|3-2r|p|co=0+r3^ 
cos ^■\/|Pl^-2r|p| COS 0+r2±2/?r|p| sin^ 0 


9^3+ {ruj{9,p)) d9 


/o g±»HVlp|3-v^r|p| + r2 / //I \\l 

= ^ rrr . — ^ 9^9+ iruj(9,p))\g^^f^ 


^/2^J\p\‘^ — y/2r\p\+r‘^SiiRr\p\ 


7r/4 

_ J ^±iR^J\p\'^-2r\p\ cose+r2 ^ 


dsg+(ruj(6,(p)) 


cos0-y^|p|3 —2r|p| cos 6+r^±iRr\p\ sin^ 9 


d9. 


(3.36) 
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and hence, 
with 

and 




hll (bl .■r;^;0,7r/4) =jt ',2 {\p\,'>';R) +jt '2 i\p\,'>';-R) + lt '2 i\p\ ,1", R) + Iti i\p\,r;-R) 


•3,1 


•3,1 


3,1 


73,1 , 


(3.37) 


^ / ±iRy/\p\^-V2r\p\-\-r^ 

ji,l i\p\,r;±R) ■■= ±— - - I / dffg+ iruj{0,p))\g^^/4dip 

* \V2y \p\^ — V^r \p\ + r'^ ± iRr \p\^ 


2'n-!r/4 


^■,±R) :=T^y J 


dgg+ {ruj{e,p)) 


0 0 


d0dp. (3.38) 


cosdy IpI — 2r \p\ cos0 + ± iRr \p\ sin^^ 9^ 


Since 


277 


277 

J dgg+ {ruj{ 0 ,p))dp 

= 

J d 0 g+ {rw{ 0 , p)) - d 0 g+ {ruj{ 0 , /?)) 

0 


0 


< 


and 


we get 


cj Jd^g+{rwi9,p))d9 
0 0 

g±ii?-\/|pp-V2r|p|+r2 


dp<CJ J \d^g+{ruj{0,p))\d9dip 
0 0 


V2\J\pf' — \/2r \p\ + ± iRr \p\ 

Jil {\p\,r;±R) 


< 


1 


— r|^ ^ {Rr\p\)^ 

27r'n’/4 


, /3<1, 


< C- 


tj J \dh+ {ruj{ 0 ,p))\d 0 dip. 


||p|-r|^ '^{Rr\p\f.^ ^ 

Note that the following estimates are true 

cos^ 0 (IpI^ — 2r IpI cos 9 + + {Rr |p|)^ sin^ 9 > C {\p\ — (i?r sin^^ 0, 

for /3 < 1 and 0 G [0,7r/4], 


|r| IpI sin d cos d 
\J\pf — 2r \p\ COS0 + 


< Ca/TH 


and 


where 


277 


277 

J d 0 g+ {ruj{ 0 ,p)) dp 

= 

J {d 09 + {ruj{ 0 ,p))- d 0 g+ {ruj{ 0 ,p))\g^Q) dp 

0 


0 


1/2 


A{g+-,r):= / / \d^g+{ruj{9,p))\^ d9dp 


vO 0 


Using (3.40) with /3 = 3/4 — e > 0, we get 


< 



It follows from (3.40), (3.41) and the estimate 


— 2 r \p\ cos d + sin 0 


sind 


_Lju__ 

cos2 0 (IpI^ - 2r \p\ cos 6» + + {Rr \p\f sin^ 9 (^^^^2 g - 2r \p\ cos 6» + + {Rr \p\f sin"* 0 


(3.39) 

(3.40) 

(3.41) 


<C\0\^/^A{g+;r), (3.42) 


(3.43) 


1/2 
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that 


de- 


1 


cos 6\J \p\‘‘ — 2r\p\ cos 0 + + iRr \p\ sin^ 9 

SUV 9 


< C 


— 2r \p\ cos 0 + sin 0 + y/r |p| + Rr\p\ sin 9 


< C- 


■ + c 


cos^ 9 ( \p\^ — 2r \p\ cos 9 + ) + {Rr \p\f sin^ 9 

\An^ 


- {Rr \p\f^ {svu9f^^ (|p| - {Rr \p\f^^ (sin0)^^= 

Rr \p \ sin 9 


+C- 


-rf-^^^ {Rr \p\f^^svu9f^^'' 


for Pj < 1, j = 1, 2,3. Thus, using (3.42) we have 


< C 


// 

u 


2-77 77/4 


sin 6* dg- 


1 


0 0 


cos6*y \p\ — 2r \p\ cos 6* + + iRr \p\ sin^ 9^ 

7t/4 


dO 




d 0 g+ {ruj{9,p)) d9dp 

7r/4 

f d9 


-r|^ ^^{Rr\p\f^J (sin6l) 


/3i 


+C 


IIpI -r| 

7r/4 


{Rr\p\f^^J {sm9) 


4:^2-312 


A{g+;r) 


(3.44) 


d9 


\\p\-r\ ''"(i?r|p|) 


(sin 9) 


4/33-5/2 


A{g+;r). 


Moreover, taking /3i = 3/4 — e, P 2 = 5/8 — (1/2) e and /ds = 7/8 — (1/2) £, for e > 0, in (3.44), and using the resulting 
estimate, together with (3.43) in (3.38), we get 


^i ,’2 {\p\,r;±R) 


< C 




y\\p\-r\^^^^^{Rr\p\f^-^ 
Using (3.39), with {3 = 3/4 — £, and (3.45) in (3.37) we get 


1 3/4+e 


{Rr IpI) 


5 / 4 -e 


A{g+-,r). 


(3.45) 


with 


3 1 I 1 A/ \ 

h;2 (bl > R] 0, 7r/4) < C (^||p|_^|l/4+e(^,.|p|)3/4-e + | |p| |3/4+e |p| )5/4-e j ^ {9+, r) 

~ ^ (||p|-r|i/*+'(fi;r|p|)3/*-<= ■*" ('S(g+;r)) , 

277 TT 

B{g+;r) ■= j J (\de9+ {ruj{9,(p))f + \d^g+ (ru;(6», (/?))|^) d9dp. 


(3.46) 


(3.47) 


0 0 


On the other hand, by (3.36), 


277 77 


1/2 


* 1:2 (bl U;^;0,7r/4) <CR\ / \d 9 g+{ru){ 9 ,p))\'^ d9dp < CR{B {g+;r))^^'^ . 


(3.48) 


\0 0 


Thus, observing that 


< 


\pf + m? + + vn? 

\p\ {\p\+r) 


(\/b ^ +m^ + vb 

2 + m^) 

bl (bl T’" 

. \ 


1 vj\pf + m^\^^ 

\/bl^ 


F {r)r — 


2 , 2 

+ 


\P\ 


< 


br 


br 


|(F(r)r-F(|p|) IpDI < C ((p) V |^) \\p\ - r\, 
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we obtain by using (3.46) and (3.48) 


|p|+i , - -. 

/ / ||p|^_^| ^ ~ \f+{p)\\Hi{\p\.r]R-G,TT/A)\drdp< 

R3|p|-1 

bl+1 

<cj[{p)~^ + ^^\f+(j>)\ J il’l{\p\,r;R;0,TT/4:) (|p|, r; i?; 0,7r/4) drdp 

R3 |p|-l 



/ bl+1 \ 


f B{g+;r)dr\ 

W-i / 


X I/+ (P)l 


/ bl+1 

/G 

Vi“i 


1/2 


2 a 




r|p| 


dr 


for a < 1. Note that 


bl+1 


(ibPd^ 


{Rr\p\) 




|P|-1 




||p|_r|3/4+e(pj^|p|)5/4-e 


dr 


bl+1 


< ^-2a(5/4-.) |p|-2a(3/4-.) J |p|)-2a(3/4-e) J ^ 

bl-1 bl-i 

< Ci?-2“(3/4-) + 

Therefore, taking a = 4/7 + e in (3.49) and using the last inequality and (3.47), we obtain 


||p|_r|l/4+e|r|3/4-< 


bl+1 


- r 


< 


dp|-i 

_C 


(v^bF+^+VT^+Tl^) v^|p|2+m 


I/+ (p)! *n2 (bl .■'’;^;0,7r/4) 


drdp 


7 (/ (1 + I/+ iP)\ (1 + i^) dP^ \\9+\\n^ < m+h^ + II/+IL 3 ) ||ff+||„.), 


for £1 > 0 small enough, and furthermore, we conclude that 

r3.1 


Proceeding similarly, we obtain 


lim /{’2 (i?; 0, 7r/4) = 0. 

R^oo 


lim /f ’2 {R; 7r/4, 37r/4) = 0, 

R—¥(X) ’ 


and 


p3.1 

1,2 

r3,2 

N,; 

r3,2 , 


lim /j ^’2 (i?; 37r/4, tt) = 0, 

R^oo ’ 


hm /i%"(i?;0,V4) = 0, 

R—¥(X) ’ 


lim /)^’2 (i?; 7r/4,37r/4) = 0 

R^cx> ' 


lim I ^’2 {R; 37r/4, tt) = 0. 

R—^oo ’ 


Actually, the proof for the parts 7^2 {R; 7r/4, 37r/4) and (7?; 7r/4, 37r/4) is more simple since sind ^ 0 on 


(3.49) 


2 a 

dr 


■/4,3V4]. 
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Let us now consider (R) ■ Note that for a < 1 


{de 9 + {ruj{9, (p)) - deg+ {\p\uj{e, p))) dp 


= J {d 9 g+{ruj{ 0 ,p)) - dgg+{\p\uj{e,p)))dp J { 899 +{roj{9,p)) - deg+{\p\u}{ 0 ,p))) dp 
0 0 


< CIIpI yy \drdeg+{ruj{0,p))\^ drdp (^{A{g+;r)) = + A{g+;\p\) ^ ^ 


Then, by Holder inequality we get for a < 1/2 


TT 

( 

Hpi\p\A;R) < J 

' 1 

-s/2 — 2 cos 0 

0 

\ 


{de 9 + {ruj{9, p)) - dgg+ {\p\uj{0, p))) dp d0 


Thus, we have 


•/I / et ■ I Z-K r \ 

<C\\p\-r\°‘^^(^{A{g+;r))~+A{g+;\p\)~^ J |5»|-i/2-(i/2)a J J \d^dgg_^^ (^ruj{9,p))f drdp\ d 9 


< C\\p\ ({A (5+;r))^ + A{g+-,\p\)^^ (||5+||„2)" 


bl+i /| |2 . 2 

p * \in\ _U m ^ 


\p\ + tv? 

Ibl - ’"I bl 


\f+ip)\ Hpi\p\,r,^,P;R) dr dp 


<C(||5 +||„.r^ / {A{g+-r))-^ 


f vbl' 


\\p\-r\^ 


+C(||5+ll«.r 


Therefore, arguing as in (3.10) we get 


;j- \f+ip)\Aig+;\p\) = 

<c\\Uh^ lb+ll«Wfo 


lim /f ’2 (i?) = 0. 

R—¥oo 


I/+ (p)l dpdr 


\~^/2 dr dp 


34 3132 

Finally, the proof for the term /{’2 (R) is similar to that of /{’2 or /{’2 • It results to be easier since there is no irregular 
term ||p| — r\~^. ■ 

We already obtained the asymptotics of h (R) and I 4 (R) as i? —>■ 00 . Let us now study the behavior of I 2 (R) and I 3 (R) 
for big R. We prove the following 


Lemma 3.7 Let f,g & e > 0. Then, 


lim I 2 (R) = lim I 3 (R) = 0. 

R—¥(X) R—¥(X) 


Proof. We consider the term I 2 (i?). The proof for I 3 (R) is analogous. Let p G C§° (R), such that (0) = 1. Then, it 

follows from the proof of Lemma 3.1 (see relation (3.2)) and the dominated convergence theorem that 


I 2 (R) = lim 




p (et) dtj f+ (p) ,Cr{p- q) g- iq)j dqdp 

_ 9-i<i) _\ 


= -^J J [U ip) ,Cnip- q) dqdp 

B3 B3 
00 

f f f i -t(\/|p|^+'m^ + -\/|(?p+m^)t \ 
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Integrating by parts, as in expression (3.4), in the second integral of the R.H.S. of the last relation, we show that the limit 
-I lim / / / {et) ^ 


0 R3 


h {R) = -i ( [ (f+ (p) ,Cr{p- q) 


/+ (/?), Ck (p ~ q) 9 - io) / dqdpdt exists, and hence, 


9- (?) 


R3 R3 


\l\pf' + + \J\q\^ + m2, 


' dqdp. 


Passing to the spherical coordinate system, where the axis is directed along the vector p, we obtain 

27r TT oo 

di ,2 {R) = -ij J J J (^f+ip),CRip-ruji0,p))9i iruj{e,ip);\p\)'jr‘^ sin 0 dr dO dp dp, 

R3 0 0 0 

where gi{ruj{9,p)-,\p\) := 9 -(’~<^(^, y)) u){9,p) = (cos(psin0,sin(/9sin0,cosd). Using (3.14) with gi instead of go 

■\J \p\‘^ +7^^ -\-y/ -\-rn^ 

we have 

TT 

[Cr{p- i"uj{9,p))gi (ruj(9,p); |p|)sin6»d6» 


_ sin.R(|p|+r) ^ 
r|p|(|p|+r) dl 


TT 

i^'I) + tiPKili-u gi 


and hence, 
with 


l2 (R) := li (R) + /| (i?) + /| (R), 


(3.50) 


I 2 (R) ■■= Sir^i / / ( /+ (p), 


R3 0 


sin i? (IpI + r) / p 


IpI (IpI + r) 


91 ( ) )'>'drdp, 


/| (R) := / / ( /+ (p), IpI j \ rdrdp, 


R3 0 


and 


where 


Since 


/| (R) := -47ri 


*1 (r,p;i?) := 


\p\i\p\-r) V br 

(/+ (p) U2 (up; ^)) 

0 IpI IpI^ + 

sin i?^|p|^ — 2r |p| cos 0 + r' 

0 ^IpI^ — 2r IpI cos 9 + r^ 


■rdrdp, 


deg- {ruj{9, p)) d9dp. 


i/Z / ^ i/Z 

/|/+(p)|^(ia; j d|p| 7( / J rdr 

§2 Jo \§2 J 

^ C' ^II/+IIl°°(|p|<i) + II/+IIl2(r3)) (lb-llL°°(ip|<i) + lb-llL2(R3)), 


arguing as in (3.10) we get 


lim I 2 (R) = 0. 


R —¥00 


Similarly to Lemma 3.4 in the case of 2 (R) we prove that 


lim (R) = 0. 

R —^00 


(3.51) 

(3.52) 


2-7r 


Observing that J dgg- (ra;(^, p))|0^o dp = ^ we have 


*2 (up;-R) = 


sin R\J\p\^ — 2r\p \cos 0 + 


{deg- {ruj{9,p)) - deg- {ruj{9,p))\g^Q) d9dp. 


0 vIpI — 2r IpI cos6* + 
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Then, 


TT / 27r TT \ / 27r TT 

^ (// |a,V(ra;(0,¥.))|"d0dJ < \dlg. {ru:{e,v))\^ dOd^ 


1/2 


and moreover, 


1/2 


//sc'/1^# l^ifjia.MS.■ Vs-(™(«,rf))l^edMv * 

B3 0 R3 yo \0 0 / 

^ C' (||/+|Il°°(|p|<i) + II/+IIl2(r 3)) lls+llwf. 


Hence, arguing as in (3.10) we see that 


lim {R) = 0. 

R—^oo 


(3.53) 


Taking the limit as i? —>■ oo in (3.50) and using (3.51), (3.52) and (3.53) we conclude that 

lim I 2 (R) = 0. 

R—^oo 


4 Time delay. 

4.1 Proof of Theorem 1.1. 

We begin by presenting a result that allows us to express the time delay 6T (/) in terms of the scattering operator S (see, 
for example, Proposition 7.22, page 365 of [6]). 


Proposition 4.1 Let f be such that, for every fixed R < 00 , each of the functions t 


c(^) 






otf 


L2(R3) 


and t 


j — iHot 


s/ 


L2(R3) 


that the function t 
belongs to ([0,oo)). Then, 


belong to Lf ([0,oo)). Assume that the wave operators exist and are complete. Moreover, suppose 
\{W- - 


^itH ^—itHo 


)/ ^ 2 (r 3 ) belongs to L^((—oo,0]) and that t —>• ||(1T+— 


L2(R3) 


STif) 




(4.1) 


In particular. Proposition 4.1 relates the time delay with the expectation values I (R) , defined by (1.9). To prove Theorem 
1.1 first we need to show that under the assumptions of Theorem 1.1 relation (4.1) holds. We only have to verify that the 


functions t 




>—iHQt 


L2(E3) 


and t 




, — iHot 


s/ 


L2(R3) 


belong to ([0, 00 )). Let us prove that this is true 


if / G (R^; C^) and S/ G (R^; C^) • It suffices to show these inclusions for t > 1. Observe that 


C (^) 




T 




P±e 


— iHot 




= (27 


,-3/2 


L3(R3) 


R^J (RC) (R (p - q)) {RP±g) (g) dg 


(4.2) 


L2(R3) 


For g € S, integrating by parts, we have 

f (RC) {R (p - q)) iRP±g) (q) dq 

E3 

00 

1 ((-^C) {R ip - q)) \q\ Vq^TT^ iRP±g) (g)) d\q\ dw, 
0 §2 
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with q = l^l uj, and then, by Young’s inequality, 


f (J-C) (i? (p-q)) 

R3 


< Cj II J-ffll 


n 


3/2+e 


L2(R3) 


(4.3) 


Moreover, by continuity, (4.3) holds for any g G . Hence, it follows from (4.2) that 




< c\ W^gWni 


t 


3/2+e 


(4.4) 


L2(R3) 

Therefore, using (4.4) with g = Sf and g = f, we conclude that the functions t 

< (*5*) 


<(*) 


,—iHot 


s/ 


L2(R3) 


and t 


^ ^ belong to (M). Then, the assumptions of Proposition 4.1 are satisfied and (4.1) is valid. 
Let us prove now the first assertion of Theorem 1.1. From the unitarity of the scattering operator S, since 
commutes with and P+ (p) + P- (p) = I, we get 


E 

<7—:t 


-y/|p/ + 


\P\ 


fa (P) , fa (P) 


= E 


^|p/ + TO^ 


L2(R3.C4) 


(T=± 


\P\ 


(S/)^ (p), (S/), (p) 


L2(R3;C4) 


where f± (p) = P± (p) /(p) and (S/)j_ (p) = P± (p) S/ (p). Then, applying Theorem 3.2 to the R.H.S. of (4.1) we have 

R3 _ _ _ 

'(S/)_ (p), (S/)_ (p) + • V (S/)_ (p) + ^P • V (^^|p/+m2 (S/)_ (p)) ^ dp 

■i J ^/+ (P), ^'21+”'" /+ ^ ^ ) ^P 


+* / ^/- (p), ^ ^ + (p)^ j dp. 


Noting that 


we get 



Also, recalling (1.4) we have 







Therefore, using (4.6) and (4.7) in (4.5) we get (1.6). 


(4.6) 


(4.7) 
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We now prove the second affirmation of Theorem 1.1. Let us find the decomposition of the operator T in the spectral 
representation of the operator Hq. Passing to the spherical coordinate system in the integrals in the R.H.S. of (4.5) and 
making the change E = + m? in the first and third terms and E = —\Jt^ + m? in the other two terms we get 


<5r(/) = 


J I {S (E) Po (E) f, (E) Po {E) f+^S {E) Pq {E) f + ds^S (E) Pq (E) /)) cLodE 


(—oo, — in)\j(m,oo) 

—i 

(—oo, —m)U(m,oo) 


J J (Po (E) f, 2 p^ro (E) f + ^Po {E) f + a^sPo (E) /) diodE. 


(4.8) 


Suppose that the scattering matrix S (E) is continuously differentiable with respect to E on some open set O C (—oo, —m) U 
(m, +oo) \ <jp (El) and / G $ (O), where $ (O) is defined by (1.5). Then, from the unitarity of the scattering matrix S {E) it 
follows that 

5TU)= J J {roiE)f,TiE)roiE)f)dujdE, ( 4 . 9 ) 

( —OO, —m)U{m,oo) 

where 

T{E) = -iS{Er^S{E). 

The operators T {E) are bounded in (§^) . Relation ( 4 . 9 ) shows that the family {T (i?)}£;g(_oo,-m)u(m,oo) defines a 
decomposition T in the spectral representation of E[q for any / G $ (O). That is. 


{EoTf){E,u;) = T{E)ro{E)f, / G $ (O). 


Therefore, for any / G $ (O) , the operator T is the Eisenbud-Wigner time delay operator. 

Remark 4.2 We observe that the condition of strong differentiability of the scattering matrix may be relaxed (see page 485 
of [3]). Actually, one can obtain (4.9) from (4.8) by only requesting strong continuity of S {E) , but in this case the operator 
-^S {E) may be unbounded in (S^) . 

The proof of Theorem 1.1 is complete. 


4.2 Proof of Theorem 1.5. 

As in the case of the Schrddinger operator ([4]), the proof of Theorem 1.5 consists in showing that the assumptions of 
Theorem 1.5 imply the ones of Theorem 1.1. That is, we need to prove that for V satisfying Condition 1.4 and for / G Vr, 
T > 2, the function ^—>-11 {W- — e**^e“**^“) /||^ 2 (r 3 ) belongs to ((—oo, 0]), t —>■ || (lP+ — e**^e“**^“) S/||^ 2 (r 3 ) belongs to 

([0, oo)) and /, S/ G C^) , and, moreover, the scattering matrix S {E) is strongly differentiable on some open 

set O C (—oo, —m) U (m, +oo) \ Up (iP), containing the support of f/'/) given by the definition of Vt. First of all, from the 
definition of the set Vr it follows that / G (R^;C‘*) . Next we note that the proofs of Lemmas 2 to 9 of [4] remain 

true if we consider the Dirac operator instead of the Schrddinger operator. We only make two remarks. Firstly, instead of 
relations (11) and (12) in Lemma 4 of [4], one has 


[H,Xk] = -iak 


[H,\x\^]=m\x\'^ 

respectively. Then, the rest of the proof of Lemma 4, in the case of the Dirac operator, is similar, taking e: = 0 in all of 
the formulas. Secondly, in Lemmas 5 to 8, in our case, we need that (f G (R) be equal to 0 in some neighborhood of 
0. By using Lemmas 1-9 of [4], we see that Corollary of Proposition 2 of [4] also holds in the case of the Dirac equation. 
Thus, in the way analogous to Proposition 3 of [4] we attain the inclusions || (1T_ — •^IIl 2 (r 3 ) ^ ((“OO^ 0]) and 

II (W+ — S/||^ 2 (R 3 ) G ([0, oo)). Observing that in the case of the Dirac operator [cc^, iPo] = 2fa • x, 


\ \ 

[a;2, [/;] = -i J U*+^[x^, Hoprdr \ = 2i J Ut% {-ia ■ x) UPr = fU* - 2tp (a • x) 
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and 


[ 0 . 2 , [/O] = * y (t/O)* [a: 2 , iJo]C/^WT \ =-2t i J (U^)* {-la ■ x) + 2t{a- x) [7°, 


where C/° := e and [/( := e and proceeding similarly to the proof of Proposition 4 of [4] we obtain S/ G 2?2 C 
^ 3 / 2 +e ^j^ 3 . ^ Finally, the strong differentiability of the scattering matrix S (E) on (—oo, —m) U (m, +oo) \ ap (H) can be 

obtained from the stationary formula (2.7) in the way analogous to the case of the Schrodinger operator (see Theorem 3.5 
of [18]) by using (2.2), (2.3) and the result about the differentiability of the resolvent for the Schrodinger operator given in 
Lemma 3.4 of [18]. Theorem 1.5 is proved. 


4.3 Proof of Theorem 1.7. 

Recall that for an operator A of trace class Det (/ + A) is the determinant of / + 4 ([38], [41]). Suppose that the potential 
V satisfies Condition 1.6. Then, it follows from Theorem 4.5 of [40] that the operator S (E) — / is of trace class, the SSF 
^{E;H, Hq) exists and it is related to the scattering matrix S (E) by the Birman-Krein formula 

Det S' (E) = ^ (-4 

Observe now that Condition 1.6 implies Condition 2.1. Moreover, under Condition 1.6 there are no eigenvalues embedded 
in the absolutely continuous spectrum of H (see Remark 2.2). Hence, (2.2) and (2.3) hold for any E G (— 00 , —m) U (to, 00 ). 
Then, using (2.7), (2.2), (2.3) and the result about the differentiability of the resolvent for the Schrodinger operator given in 
Lemma 3.4 of [18], similarly to the case of the Schrodinger operator (see Proposition 1.9, page 300 of [41]), we prove that 
under Condition 1.6 S (E) is continuously differentiable in the trace class. Therefore, as the scattering matrix is unitary, the 
operator S (E)* -^S [E) is of trace class and the following relation is satisfied 

(Det S {E))-^ Det 5 (LI) = Tr f5 {Ef . (4.11) 


For the convenience of the reader we include the simple proof of (4.11). Let {/«} be an orthonormal basis of (S^;C"^) . 
We consider the square matrix {(S' {E) fn, fm)} , where n,m < N. Here (•, •) denotes the scalar product of (S^; C^) . By 
the definition of the determinant 

DetS(Ll)= lim det ({{S (E)fm)}) ■ (4-12) 

V—>oo 

Since S (E) — I as of trace class, the limit in the R.H.S. of the last expression exists. Moreover, using Jacobi’s formula we get 
4 , det ({(S (E) /„, fm)}) = det ({(S (E) /„, fm)}) Tr f {(S (E) /„, /„)}-' | f i^) /„, fm) 1) ■ 


— det ({(S (E) /„, fm)}) = det ({(S (E) /„, fm)}) Tr (^{(S (E) /„, /„)}-' | i^—S (E) /„, /„ 
Taking the basis {/„} that consists of eigenvalues of S (E) we get 

^ det ({(S (E) /„, fm)}) = det ({(S (E) /„, fm)}) Tr (^{Xn,m}-^ I (^-^S (E) /„, 
where is the n-th eigenvalue of S (E) and Xn,m = 0, for n m. Thus, 

d ^ / d \ 

— det ({(s (£;)/„,/^)}) = det ({(s (£)/„,/^)})^ _s(l;)/„,/J = 

n—1 ^ ' 

N . , ^ 

= det {{{S [E) /„, fm)}) Y. ({S (E))* —S (E) /„, /J , 

n—1 ^ ' 

where we used that as S {E) is unitary A“{j = A* „. Taking the limit, as TV —>• 00 , we arrive to 


By (4.13) 


with the derivative in the left-hand side in distribution sense, but as S (E)* j^S (E) is continuous in the trace class, (4.14) 
holds with Det {S (E)) in classical sense, what proves (4.11). On the other hand, similarly to Theorem 1.20, page 351 of 

[41] we show that f {E;E[,E[o) is continuous for E G (— 00 , —to) U (to, 00 ). Hence, differentiating (4.10) and using (4.11) we 
see that ^ {E; iJ, Hq) is differentiable on (— 00 , —to) U (to, 00 ) and, furthermore, we attain (1.8). Theorem 1.7 is proved. 


JToo dE ^ r • 


■ Det (S' (E)) = (Det S (E)) Tr S (E)* —S (E) 
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